Light emitting diodes (LEDs) in the deep ultra-violet (DUV) offer new perspectives for multiple applications ranging from 3D printing to sterilization. However, insufficient light extraction severely limits their efficiency. Nanostructured sapphire substrates in aluminum nitride based LED devices have recently shown to improve crystal growth properties, while their impact on light extraction has not been fully verified. We present a model for understanding the impact of nanostructures on the light extraction capability of DUV-LEDs. The model assumes an isotropic light source in the semiconductor layer stack and combines rigorously computed scattering matrices with a multilayer solver. We find that the optical benefit of using a nanopatterned as opposed to a planar sapphire substrate to be negligible, if parasitic absorption in the p-side of the LED is dominant. If losses in the p-side are reduced to 20%, then for a wavelength of 265 nm an increase of light extraction efficiency from 7.8% to 25.0% is possible due to nanostructuring. We introduce a concept using a diffuse ('Lambertian') reflector as p-contact, further increasing the light extraction efficiency to 34.2%. The results underline that transparent p-sides and reflective p-contacts in DUV-LEDs are indispensable for enhanced light extraction regardless of the interface texture between semiconductor and sapphire substrate. The optical design guidelines presented in this study will accelerate the development of high-efficiency DUV-LEDs, but the model is also readily applicable to other multilayer opto-electronic nanostructured devices such as photovoltaics or photodetectors.
Introduction
Light emitting diodes (LEDs) have become a key technology on the march towards a sustainable society. Lately, the push towards deep ultra-violet (DUV) LED devices has unlocked further applications such as 3D printing [1, 2] , optical storage [3] , water treatment [4] and sterilization [5] . Currently the leading technology for DUV LEDs is based on III-nitride materials .
The problem of light extraction is common to all LED devices [6, 7] . Light is generated inside a material which has a higher refractive index than its surroundings. Due to the barrier of total internal reflection, a significant fraction of the light created will be trapped inside the LED. This requires a suitable strategy for enhancement of the light extraction efficiency (LEE) to overcome this limitation. Some of the strategies for increasing LEE that have been employed for arXiv:1910.03851v1 [physics.optics] 9 Oct 2019 LED devices include rough surfaces [8, 9] , micro-lenses [10, 11] , plasmonic gratings [12] , dielectric nanoparticles [13, 14] , bio-mimetic structures [15] , nanophotonic structures [16] and photonic crystals [17, 18, 19] .
Any light extraction strategy used must be compatible with the device structure. Figure 1(a) shows a simplified schematic of the LED device. The thin film multilayer system which constitutes the LED, here represented as a single III-nitride layer, has a thickness of around 4 µm. Whereas, the Al 2 O 3 (sapphire) substrate has a thickness on the order of 400 µm. Concepts such as micro-lenses, rough surfaces and nanoparticles may be of use at the Al 2 O 3 /air interface where they are well separated from the LED thin film. However, they are less applicable at the AlN/Al 2 O 3 interface. The relatively large size of micro-lenses makes them incompatible with the thin film LED. Rough surfaces and nanoparticles are likely to induce defects in crystal growth. Although the plasma frequency of metals such as Al, Mg, Ga and Rh is compatible with DUV applications [20] , introducing these materials to the AlN/Al 2 O 3 interface may also create a source for defects. The periodic unit cell used for simulations is highlighted, the upper AlN layer (part of the III-nitride device) which completely fills the nanoholes has been partially hidden for visibility. UV light with 265 nm vacuum wavelength is incident from above the surface due to emission inside the III-nitride device. Light is incident to the surface with a polar angle θ and an azimuthal angle φ.
Photonic crystal structures may offer optical benefits while being highly compatible and even beneficial to standard processing techniques. III-nitride based LEDs are typically grown on Al 2 O 3 substrates as they are commercially available with low optical loss in the DUV wavelength range. However, this has the drawback of a lattice mismatch between Al 2 O 3 and the III-nitride LED heterostructure which can lead to a large number of threading dislocations [21] . Structuring the Al 2 O 3 surface can lead to an alleviation of stress at the interface, thereby improving the material quality of the LED layers in the case of sub-micometer structures on the Al 2 O 3 surface [22, 23, 24] . This kind of structured Al 2 O 3 substrate is more commonly referred to as a nanopatterned sapphire substrate (NPSS). Takano et al. recently realized DUV-LEDs on NPSS with external quantum efficiencies larger than 20% [25] . Figure 1 (b) shows a top down view of a simulation mesh of such a NPSS based on nanohole array in a triangular lattice.
Based on experience with visible LEDs it is assumed that the structured interface between Al 2 O 3 and the DUV-LED will increase the LEE. However, recent results indicate doubts at the universal validity of NPSS causing an optical benefit [26] . Even in the above mentioned work by Takano et al. NPSS is only applied as an additional feature in combination with other light extraction strategies, but not alone [25] . Hence, while photonic crystals may be optically promising, since they offer the ability to extract modes trapped in both the substrate and the LED layer stack, the specific conditions under which their use is advantageous in DUV-LEDs need to be carefully analyzed.
In order to perform this analysis, a simulation framework for obtaining the optical characteristics of a layered system with structured interfaces and, in particular, an isotropic (omni-directional) light source needs to be established. Three features present in the LED system will help determine the type of model appropriate. (1) Broad range of emission angles inside the device, (2) Low index contrast between layers inside the III-nitride thin film, and (3) Coherence length of light emission ≤ III-nitride device thickness. In the following we discuss how these three features impact the choice of model.
The exact angular and polarization dependence of light emission is heavily dependent on the ratio of vertical to lateral dipoles in the multiple quantum well (MQW) emission layer. We assume an isotropic distribution of emission angles (1) and equal weighting of polarisations. The LED device is made up of multiple different layers. However, the majority of layers lie in the Al x Ga 1−x N system. The refractive index contrast between GaN and AlN at 265 nm wavelength is only 0.2, meaning that the majority of layers will have a very small refractive index contrast. Furthermore, the refractive index is often graded between layers of different compositions, thus further reducing the index contrast seen by light. Thus, we approximate the entire LED device as a homogeneous AlN layer (2) . Finally, the LED device has a thickness roughly 3-4 µm, which is approximately equivalent to the longitudinal coherence length of 265 nm light emitted in AlN with a Gaussian line shape and 10 nm full width at half maximum [27] . Therefore, multiple passes through the LED device will lose coherency with each other, meaning that coherence effects can be neglected (3) . The sapphire substrate, being hundreds of µm thick, should also be modelled incoherently.
With these model assumptions, a natural method to describe this system is that of scattering matrices. Scattering matrix methods have been employed for multilayer systems in many areas of physics including solid state physics [28] , acoustics [29] and optics [30, 31] . In its simplest form, the scattering matrix method couples homogeneous layers together, meaning that light can be described as plane waves inside each layer.
In order to model the scattering at the interfaces, many different approaches such as rigorous coupled wave analysis (RCWA) [32] , finite difference time domain (FDTD) [33] or the finite element method (FEM) [34] can be used. Figure 1 (b) shows a mesh for a geometry consisting of circular inclusions in the x − y plane. Considering e.g. nanofrustums, it will also be necessary to model structures which are inhomogeneous also in the z direction. Methods such as RCWA and FDTD which use structured meshes often resort to a staircasing to approximate such geometries. These shapes are better approximated with unstructured grids such as those used in the finite element method (FEM). The convergence properties of FEM have also been shown to be favourable compared to other methods [35] . This is important for obtaining scattering matrices, since the coupling of light to a very high number of diffraction orders is required, which needs a highly accurate solution.
Previous work on modelling the LEE of DUV-LEDs has employed FDTD [36, 24, 37] . In this case the entire device was modelled coherently. This meant reducing the thicknesses of layers, in particular the Al 2 O 3 substrate, in order to make the simulation tractable. We instead choose to simulate the interfaces using FEM and subsequently couple them together in a scattering matrix stack system. This significantly reduces the computational complexity and can remove coherent effects which may not be applicable to real devices.
A significant source of optical loss in DUV-LEDs is that of absorption in the highly absorbing p-side. Due to this there have been reports in the literature of low absorption alternatives [38, 39, 40] . In order to further understand the role of the NPSS in LEE, we combine the NPSS with two kinds of rear reflector. Typical III-nitride LEDs have planar p-contact electrodes which will act as a mirror for incident light, with reflectance dependent on the specific metal used. In addition to this kind of a flat electrode, we also investigate the effect of a diffuse (Lambertian) type reflector. Structures which induce diffuse scattering have been employed in LEDs and solar cells to enhance both light extraction [6, 41] and light trapping [42, 43] . This could be realised by combining a structured transparent layer that provides the necessary diffuse reflection with a rear planar metallic electrode, in order to avoid plasmonic losses induced in structuring the metal. A concept using a photonic crystal embedded in a transparent p contact as a rear reflector has been presented [44] . However, photonic crystals are only highly reflective for a narrow ranges of angles. A diffuse scatterer which is angular independent is preferable for extracting all of the light trapped in the LED.
Previous work analysing the impact of NPSS on the LEE in DUV-LEDs has focused on single structures [37, 40, 24] or a range of dimensions for a single geometry [36] . In this work we analyse a range of nanostructure dimensions, as well as three different kinds of geometry.
In the following sections we firstly develop a robust simulation framework for analyzing the optical characteristics of structured interfaces (section 2). This involves a method to efficiently determine scattering matrices for periodic nanostructures. The scattering matrices are then combined to obtain the response of the entire multi-layer stack. We then apply this simulation framework to the case of a structured sapphire -AlN interface and discuss the results in the context of LEE in DUV LEDs (section 3). The crucial AlN/Al 2 O 3 interface is analysed first in isolation from other interfaces in the LED. In particular the effect of geometry and pitch on the transmittance is shown. Building on these results the contribution to light extraction of a rear reflector, either specular or diffuse, is quantified. As a a final step the full device stack is simulated to estimate the light extraction efficiency for the most promising designs proposed here.
Method
The simulation framework used for the analysis in section 3 is comprised of calculating scattering matrices for the material interfaces and combining said matrices into a system of equations to describe light propagation in the multi-layer device. For more information on the method please consult the supplementary material.
The scattering matrix (Ŝ) describes how light is reflected and transmitted at a material interface. The entries for each i, j ofŜ define the coupling between modes in two different material layers. If the interface between layers happens to be planar then the coefficients are simply the Fresnel coefficients. For non-planar interfaces, numerical approaches may be employed to obtain the coupling coefficients. In the present work we use the finite element method solver JCMsuite [45] in order to obtain the coupling coefficients.
There are many examples of multi-layer solvers in the literature [46, 47, 48] . Many such solvers work iteratively in which case the matrix operations are applied to a source vector repeatedly until the amount of energy remaining in the system goes below a certain threshold. In this work we use the incoming and outgoing fluxes in each layer to form a system of linear equations connected via the scattering matrices. This system of equations can be solved to obtain the incident and outgoing flux at each interface [49] .
The fluxes of modes outgoing from the stack system represent the transmittance, i.e. light extracted from the device. For each mode in the source layer, the sum of all transmittance modes represents the transmittance when that mode is illuminated,
The total transmittance can be obtained by numerically integrating the transmittance over the hemisphere formed from the angular distribution of modes in the source medium, normalised to the area of the hemisphere.
Where θ and φ represent the polar and azimuthal angles, respectively. [50, 51] . In each of the array types the diameter D (frustums: diameter at half height) of the inclusion was set to D = P/2 and the height H of the inclusion was set to H = P/4. This gives an estimate of the maximum light extraction for the LED considering a highly absorbing p-side above the MQW light source. In that case, emission from the MQWs in the +z direction will be totally absorbed and does not contribute to transmittance into the substrate. This limits the transmittance to a maximum value of 0.5. Emission in the −z direction down towards the AlN/sapphire substrate will contribute only once, since any light reflected at this interface will be absorbed inside the highly absorbing upper side.
Results and Discussion

Single Pass Transmittance
The planar interface shows relatively high transmittance for small incident angles, but rapidly drops to zero close to the critical angle of 51°. Using 1 and assuming an isotropic light source this results in an angular integrated total transmittance of 17.6% for the planar case. The integrated transmittance for each of the curves in figure 2 is shown in table 1. Each of the nanostructures has the tendency to flatten out the transmittance curve, meaning that the small angle transmittance is lower than for the planar case, while the large angle transmittance above the critical angle becomes non-zero.
The trend visible in figure 2 is that the various nanostructures themselves do not differ strongly from each other for a given value of pitch. Increases in the pitch lead to further flattening of the transmittance curve. This suggests that the scattering is largely determined by the lattice pitch and is rather insensitive to the particular shape of scatter inside the periodic unit cell. The increase of scattering for larger pitches can be understood from the fact that the larger pitch will result in shorter reciprocal lattice vectors, thereby increasing the number of diffraction orders available. The larger number of diffraction orders provides more pathways for light to be scattered, allowing the transmittance to flatten compared to the planar case (where no scattering pathways are present).
The net effect is a minimal increase in the total transmittance, mainly due to the fact that more energy is present in the higher emission angles. Therefore, an increase in transmittance at high angles more than compensates for a comparable decrease in transmittance at smaller incident angles. The overall increase in transmittance by nanotexturing is relatively small, the maximum being 9% relative for 1000 nm pitch nanoholes. This suggests that the NPSS alone will not have a large influence on increasing the LEE of DUV-LEDs. However, if the light was able to have multiple chances at transmittance, the NPPS would significantly increase the transmittance, since they present transmittance values larger than zero for the whole angular range, unlike the planar case which is limited via total internal reflection.
Multiple Pass Transmittance
While nitride based DUV-LEDs typically have a highly absorbing p-side above the MQWs, efforts towards a transparent p-side have been reported in the literature [40, 52] . In this section we analyze the optical benefit of NPSS on the LEE from the AlN layer into the sapphire substrate, considering a transparent p-side above the MQWs and a reflective p-contact. Figure 4 : Dependence on rear reflector reflectance of the total transmittance into sapphire for a planar interface as well as nanohole arrays of three different pitches. In (a) the rear reflector is a mirror while in (b) it is a diffuse reflector. The inset in each case shows a schematic image of the layered system under consideration. The source is between two interfaces, which are defined via scattering matrices.
In order to inject carriers a metallic electrode layer is typically deposited on the p-side as a p-contact. Optically a planar metallic layer will act as a mirror. There have been multiple reports of different contact materials in the literature with attempts to increase the reflectance of the rear contact while maintaining good electrical properties [25, 52] . Instead of evaluating the effect of the rear mirror for any one particular material, we instead assume a mirror with an angular independent reflectance R value that can be varied in order to understand the effect of a rear reflector. Different values of R give different estimates of the losses present both in the p-side and p-contact reflector in a real device.
While a mirror reflector will conserve the angular distribution of incident light, other reflective surfaces may not. Diffuse scattering surfaces, otherwise known as Lambertian scatterers, will redistribute the angular distribution of incident light such that the intensity of reflected light R(θ) = R 0 cos θ, with R 0 chosen such that the total intensity reflected from the surface is given by R. With this definition the mirror (specular) and diffuse reflector can be compared with the same overall reflectance. Figure 4 shows how the total transmittance from AlN into the Al 2 O 3 substrate varies with reflectance of the rear reflector for the specular (a) and diffuse (b) case. First considering the specular reflector, it is apparent that the transmittance for a planar interface increases almost linearly with the rear reflectance, varying from 17.6% to 37.22%. The maximum value is limited due to total internal reflection, even with unity reflectance at the rear side. This is in contrast to the nanohole arrays which have a highly nonlinear increase in total transmittance with rear reflectance, ultimately culminating in 100% transmittance when the rear reflectance is 1. This is due to the non-zero transmittance above the critical angle induced via diffraction. The different increase in the total transmittance for the different pitches can be understood via the curves in figure 2. There it is shown that the high angle transmittance increases as the nanostructure pitch increases. Likewise in figure 4 the rate at which the total transmittance reaches 100% increases for increasing pitch, emphasising the need for extraction of the high angle modes. Assuming a realistic value of 0.8 for the reflectance at the rear side, the planar and 1000 nm pitch nanohole array reach 33.0% and 58.5% transmittance respectively.
The case of a diffuse, i.e. Lambertian type reflector is presented in figure 4(b) . The extrema of the curves are similar to the those in (a), with the notable except that planar now increases to 100% transmittance for unity reflectance. The angular dependence of the transmittance is signicantly altered. The dependence for planar and each of the nanohole arrays is nearly indistinguishable. This significant departure from the angular dependence in (a) is due to the diffuse reflector's ability to redistribute the angular distribution of light trapped inside the AlN layer. Light which is intially propagating at a high angle to the interface normal which would be trapped in the planar case or weakly transmitted by the nanohole array is now efficiently scattered into low angles which have a high transmittance in both the planar and nanostructured case, as can be seen in figure 2 . This process can more efficiently extract the trapped light, leading to higher values of transmittance for a given value of reflectance compared to the specular reflector. If a diffuse rear reflector is available then nanostructuring the AlN/Al 2 O 3 interface would have no optical benefit compared to planar. Having laid the groundwork in the previous two sections we are now in the position to analyse the LEE of the NPSS for extraction into air. Until this point we have considered extraction of light from the AlN emission layer into the Al 2 O 3 substrate. Clearly for a fully functioning device the light should be extracted from the substrate into air. The interface between AlN and Al 2 O 3 needs to be carefully considered, since the morphology there has a large impact not only on the optical properties but also on the material quality of the AlN that is grown on top. On the other hand, the lower surface of the Al 2 O 3 substrate can be modified for maximum optical benefit since it is essentially decoupled from the rest of the device. A multitude of geometries useful for light extraction could be used at the lower interface. In the current work we present the same nanohole structure used at the AlN/Al 2 O 3 interface at the Al 2 O 3 /air interface as a light extraction concept. This has the advantage that both sides of the Al 2 O 3 substrate need be to patterned in the same way Figure 5 shows the transmittance into air as a function of the transversal components of k for emission inside of the AlN layer. The transmittance value is the averaged over TE and TM polarization and over upwards and and downwards emission. A mirror reflector with R = 0.8 has been taken at the rear of the device. This could be in the form of highly reflective Ni/Mg [52] or Rh electrodes [25] . Table 2 : The integrated transmittance for the data presented in figure 5 The fully planar device shows a high transmittance at low emission angles, mainly limited by the 0.8 reflectance of the rear reflector. The transmittance falls rapidly to zero at k value corresponding to the critical angle of 25°, which has been reduced from 51°due to the Al 2 O 3 /air interface. Due to higher emission angles containing more energy, the total transmittance for the fully planar device is only 7.8%. The situation changes when the upper interface is structured with the 1000 nm pitch nanohole array. The transmittance distribution is smoothed out covering the whole range of k values. The distribution is smoother than the curve in figure 2 due to multiple interactions with the structured interface. The integrated transmittance for the upper nanohole array plus lower planar interface is 19.0%, more than double the fully planar case. By adding a further nanohole array at the lower interface (c) the transmittance distribution is further smoothed with only a minimal drop of transmittance at the critical angle. The transmittance at small k is lower than the previous two cases but the high k transmittance is the much higher. This leads to an integrated transmittance of 25.0% for the device with two nanohole array interfaces. The diffuse scatter (d) achieves 34.0% transmission even with all other layers being planar. This highlights the fact that a single structured interface can extract light efficiently if it can scattering light from high to low angles, therefore reducing device complexity.
Total Light Extraction
All these values are limited by the reflectance of the rear interface, i.e. by optical losses in the system. With higher values of reflectance for the rear reflector, the total transmittance is expected to grow nonlinearly towards 100.0% as in figure 4 . This highlights the need for reduced optical losses in DUV-LEDs to make use of light scattering provided by nanopatterned sapphire substrates.
Conclusion
We presented an analysis of light extraction from deep-UV light emitting diodes based on AlN on nanopatterned sapphire substrates. To perform this analysis we developed an optical model combining rigorously computed scattering matrices describing interfaces with a multilayer solver. Brillouin zone sampling in Bloch families allowed us to reduce the amount of computational effort needed to calculate the scattering matrix considerably.
We first compared the transmittance from AlN to sapphire for three kinds of nanostructure with pitches ranging from 265 nm to 1000 nm and a planar interface. We found that in the case of a fully absorbing rear contact in the device, hence only a single light interaction with the AlN/sapphire interface, transmittance only marginally increases by nanopatterning. However, by eliminating the parasitic absorption and adding a mirror to the rear side of the device we find significantly increased transmittance into the Al 2 O 3 substrate by nanopatterning. We found the highest transmittance for the largest pitches investigated.
As an example, we calculated the total light extraction from the whole device assuming a transparent p-side and a rear-side mirror with 0.8 reflectance. For the all planar device the total light extraction was 7.8%, rising to 19.0% when the AlN/sapphire interface was nanostructured and again increasing to 25.0% when both the AlN/sapphire and sapphire/air interfaces were nanostructured with a 1000 nm periodic nanohole array. We further introduced a novel method using a diffuse ('Lambertian') mirror at the rear-side of the device, enabling light extraction efficiency of 34.2% even if all other interfaces are planar. This supports the idea that only a single scattering layer is needed for high light extraction, if the scattering pathway from high angles to lower angles is efficient enough. This could allow for more low cost designs, since fewer nanostructuring steps need to be taken. Crucially, this consideration depends on a low optical loss environment inside the LED thin film. This highlights the need for continued research into transparent p-sides and highly reflective p-contacts for DUV-LED devices. Until these can be obtained, the power of nanostructuring to increase the light extraction efficiency will be largely left untapped.
The optical design guidelines presented in this study can help to accelerate the development of highly efficient DUV-LEDs, but the model is also readily applicable to other multi-layer opto-electronic nanostructured devices such as photovoltaics or photodetectors. 
Supporting Information
Scattering Matrix Definition
The scattering matrix describes how light is reflected and transmitted at a material interface. Figure 6 schematically shows the four cases to be considered. With no loss of generality we define the interface to lie in the x − y plane and consider light propagating with some component of the k vector k along the optical axis z. Propagation of light purely in the x − y plane describes evanescent modes. For extremely large values of | k| the propagation approaches a singular, localised field which does not propagate. Since we assume the source is sufficiently far away from the interface described using scattering matrices, these modes may be neglected. We assume layers 1 and 2 are above and below the interface, respectively. TheŜ 11 sub-matrix describes the reflected light for incidence from layer 1. Likewisê S 21 describes transmission from layer 1 to 2,Ŝ 12 describes transmission from layer 2 to 1 andŜ 22 describes reflection for light incident from layer 2. Generally we can describe the components of the scattering matrix as being transfer conditions between the modes in the upper and lower layers.
The shapes of theŜ nm sub-matrices are determined by the choice of plane waves propagating in each homogeneous half space. As an example, if only a single mode is considered then theŜ nm conditions are scalars describing the reflection and transmission of the single mode. Consequently the entire scattering matrix has size 2 × 2. Furthermore if the interface between layer one and two is planar then these coupling conditions are given by the well known Fresnel equations for reflection and transmission.
More generally, two linearly independent polarisations as well as multiple incident angles are used. This provides a basis of modes able to describe arbitrary light distributions. Given N and M different angles in layers 1 and 2, respectively, the sub-matricesŜ 11 ,Ŝ 12 ,Ŝ 21 andŜ 22 become 2N × 2N , 2M × 2N , 2N × 2M and 2M × 2M sized, respectively. The entire scattering matrix will then have size 2(N + M ) × 2(N + M ).
Obtaining Coupling Coefficients
Here we will describe the method used to obtain the coupling coefficients which constitute the individual entries in the scattering matrix using FEM. Firstly, the scattering problem is solved for a system containing the nanostructured interface between two homogeneous half spaces. Periodic boundary conditions are used in the x − y plane while transparent boundary conditions are used in the z direction. As source term a plane wave illumination is used with a given angle of incidence and polarization. In order to obtain the amplitudes of the outgoing plane waves, the Fourier transform of the electric field propagating outwards in the +z and −z directions can be taken on the computational domain boundary. By normalizing the outgoing amplitudes with the incoming amplitude, the coupling coefficient between incident and outgoing plane waves is obtained. This process is then repeated for different values of the incident angle and polarization (for both incidence from above and below the interface) until the coupling coefficients between all combinations of incident and outgoing plane waves have been determined.
All simulations were performed with vacuum wavelength of 265 nm. The refractive indices of AlN and Al 2 O 3 used for simulations were 2.35 and 1.83, respectively. These values were taken from literature [53, 54] . Optical losses in AlN and Al 2 O 3 were assumed to be zero. Convergence tests were performed to ensure that simulations were accurate to at least 10 −2 . The mesh was set to have maximum side lengths equal to 0.25 of the wavelength of light in each given material. The finite element degree was set adaptively in each element to ensure the aforementioned accuracy [45] . Typically, values of 3-4 for the finite element degree were sufficient to reach the required accuracy.
Choice of Modes
Due to the assumption of homogeneous layers between the interfaces, the propagation of light in the layers will be described via plane waves. The combination of angles and polarizations of these plane waves form a basis for describing arbitrary angular distributions of light. For the polarization state of the light, two linearly independent polarizations are sufficient. On the other hand, the angular distribution of the light contains a continuum of modes. In practice a finite number of modes is typically sufficient to reconstruct the angular distribution with acceptable accuracy. In the following we will demonstrate how carefully choosing the modes can lead to an enormous decrease in the time required for computing the scattering matrices.
In order to describe the choice of modes, it is convenient to change from describing the different modes as angles of propagation and instead use the k vector components in the x − y plane, k ⊥ = (k x , k y ). The correspondence between angles and k ⊥ components is shown in figure 7(a-b) . Considering light incident to an interface in the x − z plane, the azimuthal angle φ (shown in figure 1 in main text) will be zero for all incident angles. The polar angle θ in (a) is shown for three different values corresponding to three values of k x in (b). In general the values of k ⊥ will be given by,
where n is the refractive index of the layer and k 0 is the wavenumber of the plane wave in vacuum.
The values of the components k ⊥ are restricted by the maximum value of k inside the layer,
This forms a circle in reciprocal space inside which the values of k ⊥ need to be sampled. Outside of this circle lie the evanescent modes which are needed for a general description of the interface. Under the assumption that light sources are sufficiently far from the interface as to not excite evanescent modes, we can neglect the evanescent modes. Since k is dependent on the refractive index of the layer, the radius of the circle will be different in each layer. We will refer to the radius of the circle in reciprocal as the cutoff wave wavenumber k c . Figure 8 If the interface is periodically structured, such as the example in figure 7(c) , then the sampling of points can be chosen in such a way as to reduce the computational costs of the calculation. Figure 8(a) shows the reciprocal lattice for a hexagonal periodic structure overlaid onto the k c circle in reciprocal space for sapphire at 265 nm wavelength. The reciprocal lattice is formed from a tessellation of hexagonal Brillouin zones, with the first Brillouin zone being highlighted in the center, as well as the two reciprocal lattice vectors used to generate the lattice.
Any point lying outside of the first Brillouin zone may be reached via taking a point within the first Brillouin zone and translating it by adding appropriate multiples of the two reciprocal lattice vectors. Consequently, for each unique k ⊥ inside the first Brillouin zone, a set of k ⊥ inside k c exists which are all separated by an integer multiple of the reciprocal lattice vectors. We will refer to this set of points as a Bloch family. Figure 8(b) shows an example of 16 such Bloch families.
For incident plane waves with k ⊥ in a given Bloch family, the finite element system matrix used to compute the solution will be the same. This means that the same system matrix can be inverted once and the inversion used to get the solution for all plane waves [55] . Inversion of the system matrix is the most computationally expensive part of a FEM. Therefore, reducing the frequency with which this must be performed can have a large impact on the computation time. Writing the total computational time as t total = t inv + t 0 , (4) where t inv is the time for the system matrix inversion and t 0 accounts for all other operations performed, in the limit t inv >> t 0 the unitless speed up in t total , ∆ total , will be given by the speed up in t inv , ∆ inv . This will be determined by the ratio of the area of the k c circle to that of the first Brillouin zone. For a hexagonal periodic lattice with pitch P , ∆ inv will be given by,
where n is the refractive index of the material at the interface and λ is the vacuum wavelength of the incident light.
Since ∆ inv is dependent on the refractive index, the values of ∆ inv for light incident from the upper and lower materials should be averaged to estimate the speed up of the computation of a scattering matrix at a material interface.
Considering only plane waves incident from the AlN side of an AlN/Al 2 O 3 interface consisting of a 1000 nm pitch nanohole array at 265 nm wavelength, the upper limit on ∆ total is 285. The value obtained for realistic calculations was 88 which is still a significant speed up, but highlights the fact that t 0 cannot be neglected in this case.
Brillouin Zone Sampling
The sampling of points inside the first Brillouin zone needs to be defined in order to obtain the Bloch families. There is a rich literature on optimal sampling of the Brillouin zone, which have commonly been used for quantum mechanical calculations involving crystal structures. Given a sampling of the irreducible Brillouin zone, we obtain the sampling over the whole Brillouin zone via appropriate symmetry operations. In this work we chose a Monkhurst-Pack grid for sampling the irreducible Brillouin zone [56] . This spaces points equidistantly along directions parallel to the reciprocal lattice vectors. Figure 8 : The circular numerical aperture in reciprocal space is shown in both (a) and (b) for sapphire at 265 nm vacuum wavelength. In (a) the reciprocal lattice of a hexagonal periodic structure with 180 nm pitch has been overlaid, as well as the two reciprocal lattice vectors (red lines). The first Brillouin zone is highlighted in green. In (b) the sampling of points inside k c have been color coded with the associated Bloch family. The pattern of 16 points is periodically repeated in each unit cell of the reciprocal lattice.
